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Abstract:
The paper describes the properties of semi-Markov processes and the opportunities and benefits from their use
as models of the operation processes for marine combustion engines and other machines of ship power plants.
The emphasis is put on the importance of the theory of semi-Markov processes for development of the theory of
marine combustion engines and other machines of ship power plants, as well as for development of the
operational progress of the machines. The usefulness of the theory of semi-Markov processes in
the theory and operational practice of ship main engines and other machines of ship power plants is exposed, to
define operational reliability and safety indexes for the machines. There are defined the conditions with regard
to the properties of semi-Markov processes, which should be satisfied to enable the use of them as models of the
real processes running during operation of marine main engines and other ship’s machinery. The suitability
of decision (controlled) semi-Markov processes for making operating decisions is also proved herein, as their
aim is to obtain a rational process of operation of the mentioned engines and machines.
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1. Introduction
During operation of marine main engines and other machines of ship power plants, there
is a need to apply the models of their operation processes. This is due to the fact that the
operation phase of engines and machines desires rational control over realization of the
operation processes of the machines. The models of the processes, which are indispensable for
this purpose, allow to plan actions and make rational operating decisions.
The studies on various machines show that building models of operation processes for the
machinery, including marine main engines and other machines of ship power plants, in the
form of stochastic processes, requires application of the theory of semi-Markov processes and
the theory of decision (controlled) semi-Markov processes [3, 4-11, 13, 14, 15, 20-22, 26].
The mentioned publications, which expose the properties and significance of the theories,
argue in favour of their application. However, the application of these theories is not easy due
to the nature of semi-Markov processes. Ignorance of the nature or not sufficient
consideration of it, may lead to development in the form of the semi-Markov processes,

inadequate models of the real processes of operation for marine main engines and other
machines of ship power plants. Therefore, the theory of semi-Markov processes should be
skillfully used for modeling the operation processes for the machines, including the specificity
of the theories. This specificity shows in which cases the semi-Markov processes can be used
as models of the real processes of operation of the engines and other machines. This indicates
the necessity of having knowledge on physical aspects of applying semi-Markov processes as
models of the processes of changes in technical and operational states of marine main engines
and other machines of ship power plants, and also the processes of simultaneous changes in
the mentioned types of states, which are called the processes of machine operation [4-12].
2. Extent of application of the theory of semi-Markov processes during operation of
marine main engines and other machines of ship power plants.
The theory of semi-Markov processes is increasingly used in studies on reliability, wear
and safe operation of machines, with regard to decision making, in order to optimize the
operation processes of the machines, including marine main engines and other machines of
ship power plants. It allows to build models of different real processes, including the models
of machine operation processes [5−13, 15, 20, 22, 26]. The models are created in the form of
specific stochastic processes, which are semi-Markov processes and recently also decision
(control) semi-Markov processes, i.e. whose realizations depend on decisions made at time of
changes in their states [9, 10, 13, 15, 16, 21]. The processes are not easy to apply due to their
nature. Ignorance of this nature is the cause of building models of real processes as semiMarkov processes which are not able to provide new information on the modeled process, e.g.
on life and reliability of the machines, their load spectra, etc. Accordingly, it is necessary to
draw attention to the physical aspects of application of semi-Markov processes as the models
of real operation processes for marine main engines and other machines of ship power plants.
This requires identification of the specific nature of this type of stochastic processes.
A model of any real process in the form of a semi-Markov process, can be built only
when the states of the process can be such determined that the duration of a state existing at
the moment τ n and the state possible to get at the moment τ n+1 do not depend stochastically
from the earlier states and their durations [6, 7, 9, 11-15]. Development of such a model of the
real operation process of marine main engines and other machinery of ship power plants is
a necessary condition for applying the theory of semi-Markov processes. This theory allows
to determine probabilistic characteristics of any random process (if such a model was
developed for it in the form of a semi-Markov process), which may have an important
practical meaning.
For the operation process of marine main engines and other machinery of ship power
plants, mainly the following characteristics are of the important practical meaning [7, 8, 11]:
• one-dimensional distribution of the process (momentary distribution), whose elements
are the functions P k (t ) constituting the probability that at time t the process reaches
the state k.
• limiting distribution of the process P j = lim P{ X (t ) = j},
t →∞

•

conditional probabilities called probabilities of the process transition from state
„i” to „j”, P ij (t ) = P{ X (t ) = j / X (0) = i} (transition probabilities)

•

expected value E (T i ) of the duration time T i of the i-th state of the process regardless
which state it transits at the moment τ n+1 to,

•

variance D 2 (T i ) of the duration time T i of the i-th state,

•

expected value E (T ij ) of the duration time T ij of the i-th state of the process,
providing that the j-th state is the successive state.

States i and j(i, j = 1, 2, n; i ≠ j) can be interpreted differently. The publications [5, 6, 8, 9,
11-15] provide interpretations of technical, operational and other states.
Obtaining numerical values for the listed characteristics is possible if the following two
conditions are satisfied [7, 9, 10, 12, 13, 15, 26]:
• there are collected the adequate statistics, whose values constitute estimations of the
transition probability p ij , of the expected value E(T i ), etc.,
• there is developed a model of the machine operation process in the form of a semiMarkov process, but with a small number of its states and, simultaneously, an
uncomplicated (in the mathematical sense) matrix function Q(t).
The second condition is essential to calculate the momentary distribution of states of the
process P k (t ) , k = 1, 2, …, m. As known, the distribution can be calculated from the initial
distribution of the process (3) and the functions P ij (t ) defined by the formula (9). Calculation
of the probabilities P ij (t ) consists in solving the system of Volterra equations of the second
kind, where the functions Q ij (t ) , that are the elements of the matrix function Q(t) of the
process, are known values (2). When the number of states of the process is small, and when
thereby the matrix function Q(t) of the process is uncomplicated, this system can be solved by
applying the Laplace transform [9, 13]. However, when the number of states of the process is
high, and the matrix Q(t) (kernel of the process) is highly complex, only an approximate
solution can be obtained to the system. This solution (numeric one) does not allow to
determine the probability values of occurrence of the particular states of the process, when t
takes a large value (theoretically, for t → ∞). A numerical solution does not answer the
question which is very important for operational practice: how do the probabilities of states of
the semi-Markov process change, when t is high? The theory of semi-Markov processes
shows that for ergodic semi-Markov processes the probabilities tend over time to the precisely
defined constants [13]. The constants are called the limiting probabilities of states and the
sequence of the constants forms a limiting distribution of the process. This distribution allows
to define the coefficient of the machine’s technical readiness and assess the economic income
or working costs per unit of the operating time [9, 13]. The obtained quantities are the
criterion functions for solving the problems of optimization of machinery operation. This
distribution can also be calculated much easier than the momentary distribution.
3. Interpretation of a semi-Markov process
Semi-Markov processes are stochastic processes with special properties. The publications
concerning the semi-Markov processes provide different definitions of a semi-Markov
process, which are of different scale of generality and accuracy. For the need of modeling of
the process of machinery operation, a semi-Markov process (family of random variables)
{X(t): t ≥ 0}, can be defined with the so-called homogeneous Markov renewal process. Such
a definition provided by F. Grabski [13, 15] is similar to the definitions of W.S. Jewell [17],
V.S. Koroluk and A. F. Turbin [19, 20], R. Pyke [25], D.S. Silvestrov [26], and also E. Cinlar
[1].
The definition of a semi-Markov process is based on the assumption that the consecutive
moments {τ n }n =0,1, 2... of time t create an increasing sequence of non-negative random variables,
such that τ 0 = 0 . The stochastic process {X (t ) : t ≥ 0}, that in the random intervals [τ n , τ n+1 )

takes the constants from the finite or countable set S , is called a semi-Markov process (the
SM process), if for any i, j ∈ S and any t ≥ 0 the following equation is true [13, 15]

P{X (τ n +1 ) = j , τ n +1 − τ n ≤ τ | X (τ n ) = i, X (τ n −1 ),..., X (τ 0 ), τ n − τ n −1 ,..., τ 1 ,τ 0 } =
= P{X (t n +1 ) = j , t n +1 − t n ≤ t | X (t n ) = i} = Qij (t ) .

(1)

This condition means that a state of the semi-Markov process and its duration depends
only on the directly preceding state, and not on the earlier states and their duration.
The matrix function of the process {X (t ) : t ≥ 0}, called the kernel of the semi-Markov
process,

[

]

Q(t) = Qij (t ) ,

where

(2)

Qij (t ) = P{X (t n +1 ) = j , t n +1 − t n ≤ t | X (t n ) = i}

and its initial distribution
pi = P{X (τ 0 ) = i},

i∈S

(3)

fully define the semi-Markov process [13, 15, 20, 26].
The definition of the SM process indicates that the sequence {X (τ n ) : n = 0, 1, 2,...} is
a Markov chain with the matrix of transition probabilities

[ ]

P = pij ,

(4)

where

pij = lim Qij (t ) .
t →∞

The sequence of the random variables {X (τ n ) : n = 0, 1, 2,...} is called a Markov

chain embedded in the SM process {X (t ) : t ≥ 0} .
The

function

Fij (t ) = P{ t n +1 − t n ≤ t | X (t n ) = i, X (t n +1 ) = j} =

Qij (t )
pij

(5)

is a distribution function of the random variable Tij defining duration of the state i , where the
successive state is the state j . The below formula is derived from the previous formula (5):
Qij (t ) = pij Fij (t ) .

The function

(6)

Gi (t ) = P{t n +1 − t n ≤ t X (t n ) = i} = ∑ Qij (t )
j∈S

(7)

is a distribution function of duration of the state i . The random variable with the distribution

defined by the distribution function is denoted with the symbol Ti .
In the models of machine life and reliability, the parameters and characteristics of the SM
process are reflected in the reliability parameters and features of the machinery (marine
combustion engine or other devices of ship power plants). The transition probabilities defined
as conditional probabilities, belong to the significant characteristics of the process
Pij (t ) = P{X (t ) = j | X (0) = i}, i, j ∈ S

(8)

The probabilities (8) satisfy the Feller equation [13]
t

Pij (t ) = d ij [1 − Gi (t )] + ∑ ∫ Pkj (t − x)dQik ( x),

i, j ∈ S

(9)

k∈S 0

In many cases, the conditional probabilities Pij (t ) defined by the formula (8) and the
probabilities of states
(10)
Pj (t ) = P{X (t ) = j}, j ∈ S
after some time, stabilize and their values tend to precisely defined constants. These
probabilities can be replaced by the limiting probabilities

Pij = lim Pij (t ),
t →∞

Pj = lim Pj (t ),
t →∞

(11)

The works by Koroluk and Turbin [19], as well as the work by Grabski [13, 15], provide
the theorems comprising sufficient conditions for existence of the limiting probabilities. From
the theorems, there are limiting probabilities that describe semi-Markov processes as models
of the operation process of combustion engines and other machines of ship power plants [5, 7,
9, 13, 15]. They are expressed by the formula
π j E (T j )
,
(12)
Pij = lim Pij (t ) = Pj = lim Pj (t ) =
t →∞
t →∞
∑ π j E (T j )
i∈S

where the probabilities π j , j ∈ S constitute a stationary distribution of the embedded
Markov chain in the SM process, so the distribution which satisfies the system of linear
equations [13]:

∑p
i∈S

i

pij = p j ,

j ∈ S,

∑p
i∈S

i

= 1.

(13)

4. Physical aspects of application of semi-Markov processes as models of operation
processes for marine diesel engines and other machinery of ship power plants
The presented considerations indicate that models in the form of semi-Markov processes
are characterized by the following [9, 15]:
1) It is satisfied the Markov condition, that future evolution of the operation process of
a given machine (marine combustion engine or other machinery of ship power plant)
for which the model is built as a semi-Markov process, depends only on its state at a
given time t of its operation, and not on the operation (functioning) of the machine in

the past, thus that the future of the process does depend not on its past, but on its
present,
2) random variables T i and T ij have distributions other than exponential.
Therefore, the modeling, whose the aim is to develop a model of the operation process, in the
form of a semi-Markov process, for any ship’s propulsion machinery, including main engine,
should include an analysis of state changes in its real process of operation.
For each marine combustion engine (and any other ship propulsion machine), its
operation process can be interpreted as a process of simultaneous changes in its technical and
operational states [4, 6, 7, 9, 11]. The duration intervals of each of the process states are
random variables. Particular realizations of the random variables depend on many factors,
including wear of the machine. In the case of diesel engines and many other machines of ship
power plants, it was stated that wear of their sliding tribological systems (e.g. bearings) is
weakly correlated with time [2, 20, 22, 28, 29, 30]. This observation allows to predict the
technical states of the machines by considering only their current states and ignoring the states
that existed earlier. An explanation of this fact enabled to develop (as a result of application of
the theory of Markov processes or the theory of semi-Markov processes) more adequate
probabilistic mathematical models needed to predict the technical states of particular diesel
engines and other machines of ship power plants [5, 9, 11]. The mentioned explanation can be
formulated as the following hypothesis (H): state of any sliding tribological system of each
machine installed in a ship power plant, and its duration depend significantly on the directly
preceding state and not on the earlier states nor their duration periods, because the load of
the system as well as the wear rate and the wear increments implied by the load, are the
processes with asymptotically independent values.
The point in the hypothesis that the load as well as the wear rate and wear increments
implied by the load, are the processes with asymptotically independent values, results from
two facts recognized during empirical research:
1) there is a close relationship between load of sliding tribological systems
and their wear [22, 24, 25, 28, 29];
2) there are no monotonic changes in load of the tribological systems in machines in the
longer time of their operation, and therefore it can be assumed that the load of the
systems is stationary [22, 24, 27, 28].
Stationarity of the load (in a broader sense) means that all the multi-dimensional
probability density functions depend only on the mutual distance between the moments τ 1 , τ 2 ,
..., τ n ,, but do not depend on them themselves [2, 8, 11]. Thus, the one-dimensional
probability density function of the load value does not depend on the moment, which this
value corresponds to, and the two-dimensional probability density function depends only on
the difference between the moments, at which the observed values of load appeared. In turn,
in the narrower sense, the stationary load (stationary completely) is understood as the load
(being a process) whose all possible higher order statistical moments and the combined
moments are time independent. If the process is completely stationary (in the narrow sense):
the expected value of load m(t) = m = const, and also the variance V(t) = σ2 = const, the
autocorrelation A(τ 1 , τ 2 ) = A*(τ 2 – τ 1 ) = A*(r) and the autocovariance K(τ 1 , τ 2 ) = K*(τ 2 – τ 1 )
= K*(r). The stationary process in a broader sense is characterized by the following: m(t) = m
= const and A(τ 1 , τ 2 ) = A*(τ 2 – τ 1 ) = A*(r). In practice, stationarity of load in the broader
sense is of significant meaning. However, study of load on tribological systems in order to
determine the mentioned properties is not necessary in this case. From research so far on
different machines it is known that load on their tribological systems changes in a continuous
manner so that the individual values measured after very small time intervals are strongly
correlated with each other. However, when the time space (distance) between the
measurements of the load increases, the correlation between the loads decreases. Thus, the

load values measured at time intervals (or at moments) significantly distant from each other,
can be considered as independent. This property is called the asymptotic independence of the
load value measured at the moment, e.g. τ i+1 , from the value measured at the moment τ i when
the gap ∆τ = τ i+1 – τ i (τ i+1 > τ i ) is large enough. Such understood the asymptotic
independence between the load values measured (or calculated) at the moments τ i and τ i+1
reflects the fact that with the increase of the gap ∆τ the dependence between these values
decreases. Nevertheless, it is known from the operation principles of each machine that in the
long time of proper operation, the load considered over time does not undergo (and cannot
undergo) any changes, neither monotonically increasing nor decreasing. Thus, it can be
assumed that the maximum (as well as minimum) values of load occur randomly at the
designated moments, always with a defined probability. This lack of monotonicity of load is
called the load stationarity [2, 22, 28].
Verification of the hypothesis (H) requires to determine (foresee) the consequences, of
which occurrence can be established in empirical studies, if the hypothesis is true. The
consequences (K), which can be deduced (inferred) from this hypothesis (with regard to the
mentioned properties of loads on the machines of ship power plants and their sliding
tribological systems) are as follows [2, 11, 22, 28]:
• K 1 – irregular run of the wear process of particular sliding tribological systems,
• K 2 – interweaving realizations of the wear processes of specific sliding tribological
systems,
• K 3 – flow of the autocorrelation function for a specific sliding tribological system, that
with increase in the gap ∆τ, decreases rapidly from the beginning and then oscillates
around zero, with a relatively small and still getting smaller amplitude,
• K 4 – almost normal distribution of wear increments of sliding tribological systems for
a sufficiently long time interval (∆t) of their correct work,
• K 5 – linear dependence of the variance of the wear process of sliding tribological
systems, from their operating time.
The consequences can be justified by that when the load characteristics of ship's
propulsion machines and their tribological systems are as mentioned, thus the wear process of
the systems should be of irregular flow. This, in turn, gives a base to recognize that the wear
increments recorded at time intervals significantly distant from each other, are asymptotically
independent, and that with the time increase (gap θ, where e.g. θ = h∆τ, h = 1, 2, ..., n)
between the intervals, the dependence between the mentioned wear increments, decreases.
Hence, the wear processes of the systems can be considered as the processes with
asymptotically independent increments [2].
One of the most important characteristics of the wear process, like of each stochastic one,
is the autocorrelation function r(θ). This function constitutes the dependence of the
autocorrelation coefficient r from the gap θ, so r = f(θ) is the coefficient value of
autocorrelation of two wear increments for the given tribological system, between which the
time θ passed. If the function r(θ) decreases, it can be assumed that the wear process of the
tested tribological system is the process with asymptotically independent increments. An
assumption that such a process is a wear process of tribological systems, is equal to that
a normal distribution of wear increments of this process over the sufficiently long period of
time should be expected in approximation. It is also known that if a wear process has
asymptotically independent increments, the variance of the process V(t) increases linearly
over the time of correct work [2].
The consequences K i (i = 1, 2, ..., 5) disclose the probabilistic logic of wear of sliding
tribological systems. They are not mutually contradictory, and their logical truthfulness raises
no doubts. Thus, the non-contradiction condition for the consequences is satisfied. This means

that nothing prevents from using the listed consequences as a combined, i.e. one, consequence
K, to test empirically the hypothesis (H), so to verify the hypothesis for accepting or
falsifying. Such verification consists in experimental testing of wear of sliding tribological
systems and in checking the veracity of the consequences K i (i = 1, 2, ..., 5), thus K i ∈ K,
which is synonymous with finding whether the consequences K i (as facts) occur or not.
Verification of the hypothesis H requires recognition of the following syntactic implications
as true [9]:
H⇒K

(14)

Then, the non-deductive (inductive) inference can be applied, which proceeds according
to the following scheme [9, 23]:
where

(K, H ⇒ K) ├ H

(15)

K = {K i , i = 1, 2, ..., 5}

The logical interpretation of this inference scheme is as follows: If the experimental
verification of the consequences K i ∈ K(i = 1, 2, …, 5) proves its rightness, and if the
implication (14) is true, also the hypothesis H is true and can be accepted. The inductive
inference according to the given scheme (15) is called the reductive inference [23]. The
inference, like any other of the same type, does not lead to reliable conclusions, but only
probable.
5. Semi-Markov decision processes
Semi-Markov decision (control) processes are a convenient mathematical tool tor
formulating and solving decision problems related to operation of marine combustion engines
and other machines of ship power plants [9, 10, 13, 16, 21]. The literature on semi-Markov
decision processes is extensive. The key publications include works by W.S. Jewell, [18] R.A.
Howard [16] H. Main and S. Osaki [21] I. B. Gercbach [3] and F. Grabski [13, 15]. SemiMarkov decision (control) processes were also investigated in the publications [5, 9, 10].
Semi-Markov decision process is the SM process { X (t ) : t ≥ 0} , whose realization
depends on the decisions made at the initial moment τ 0 and the moments of state changes

τ 1 ,...,τ n ,... .. The decision at the moment τ n , when X (τ n ) = i , is denoted with the symbol
d i (τ n ) ≡ k . It is assumed that the set of decisions Di for each state i is finite. Decision

making means selection of the i-th row of the functional matrix (process kernel), which
defines the probabilistic mechanism of the process evolution for the interval [τ n , τ n +1 ) . The
selection is made from the set

{Q

(k )
ij

where

}

(t ) : t ≥ 0, k ∈ Di , i, j ∈ S ,

(16)

Qij( k ) (t ) = pij( k ) Fij( k ) (t ) ,

whereas the set of states S is finite. Denoting the particular states of the process as 1, 2, 3, …,
N, a set of states Z = {1, 2, ..., r} can be considered. The states, however, can be denoted
as: z 1 , z 2 , z 3 , …. , z r .

The decision d i (τ n ) ≡ k ∈ Di means that the semi-Markov process evolves in a way that
the process state j is drawn in accordance with the distribution ( pil( k ) : l ∈ S ) , to which the
transition takes place at the moment τ n +1 , whereas the length of the interval [τ n , τ n +1 ) is drawn
according to the distribution defined by the distribution function Fij( k ) (t ).
The sequence
d = {( d1 (τ 1 ),..., d N (τ n )) : n = 0, 1, 2, ...}

(17)

is called the decision strategy [13, 16, 21]. The elements of the sequence are vectors whose
components are the decisions made at the defined states, in the moments of changes of these
states. During operation of combustion engines and other machines of ship power plants, the
Markov strategies are of particular significance.
The strategy d is called the Markov strategy if, for each state i ∈ S , and each moment of
change in state τ n , n = 1, 2, ... , the decision d i (τ n ) ∈ Di does not depend on realization of
the process till the moment τ n . When the decision does not also depend on n, i.e. d i (τ n ) = d i ,
the strategy is called the stationary decision strategy. Then the semi-Markov decision process
is a homogeneous process. Optimization of the semi-Markov decision process consists in
selection of such a strategy for which the function constituting the optimization criterion takes
the extreme value (maximum or minimum).
The model of operation process for combustion engines, as a semi-Markov process is
presented in the publications [4, 5, 9]. It allows to determine reliability and safety indexes
necessary to plan and ensure the rational operation of marine combustion engines. It can also
be used to determine the reliability and safety indexes for other machinery of ship power
plants. In operational practice, the decision control over the operation process of this type of
machines requires, however, a model in the form of a semi-Markov decision (controlled)
process. Such a model allows optimization of the operation process of marine combustion
engines and other machines of ship power plants. Examples of such optimization are provided
in the publications [9, 10, 13, 16, 21].
6. Remarks and conclusions
In research, the semi-Markov processes are convenient models of the real processes that
run during machine operation. This is due to the fact that construction of a semi-Markov
model for any process, particularly the operation process of a machine of any kind, allows
(due to the existing theory of semi-Markov processes) to determine easily probabilistic
characteristics of the process.
Semi-Markov processes as models of real processes of machine operation are more useful
in practice than Markov processes. This is because the finite-state continuous-time semiMarkov processes are characterized by that the time intervals of staying the processes in
particular states are random variables with arbitrary distributions focused on the set
R + = [0, ∞) . This fact differs them from Markov processes, whose time intervals are random
variables with exponential distributions.
A semi-Markov model of the machine operation process is a finite-state continuous-time
process.
An additional advantage of applying the semi-Markov processes (just like in the case of
Markov processes) is that there are available professional computer tools which allow to solve
various systems of equations for states of this type of models of real processes.
A semi-Markov model of the operation process can be applied for such technical devices

like machines, even when using diagnosing systems (SDG) [9]. This is due to the fact that
when formulating a diagnosis (inference) on the state of a given technical device (combustion
engine, other machines of ship power plants), considered as a diagnosed system (SDN), the
expression that there is just this and no other vector of values of diagnostic parameters, is
recognized as an absolutely reliable premise. This expression can be denotes as K d . However,
the expression that there is just this and no other state of SDN can be denoted as S SDN . This
expression is an inference formulated on the basis of the expression K d ,, in the process of
non-deductive inference [9, 22, 29]. Such inference proceeds in accordance with the following
scheme [9]:
(Kd, SSDN ⇒ Kd) SSDN
where:
K d � absolutely reliable premise
S SDN � inference formulated on the basis of the expression K d .
The output of this inference is therefore the following hypothesis: SDN is
in the state S SDN ,, because the vector K d of values of diagnostic parameters is observed. Of
course, this hypothesis (hypothesis about the state of SDN) may also be formulated in other
(equivalent) term, that is: The vector K d of values of diagnostic parameters is observed
because SDN is in the state S SDN .
Such an inference is reductive one which (as mentioned above) does not allow to
develop a reliable inference (in this case, the expression S SDN ), only probable inference.
Therefore, it is not possible to determine exactly the technical state of SDN and thus to control
the process of its operation in a way to make the future state dependable on a number of states
that occurred earlier.
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